In this paper, we study the asymptotic behavior of solutions to a Gas-liquid model with external forces and general pressure law. Under some suitable assumptions on the initial date and
Introduction
The one-dimensional two-phase model of the drift-flux type is frequently used to simulate unsteady, compressible flow of liquid and gas in pipes and wells (cf. [1, 4] ). The model consists of two mass conservation equations corresponding to each of the two phases gas (g) and liquid (l) and one equation for the momentum of the mixture and takes the following form
where u mix = α g u g + α l u l and the unknown variables α g , α l ∈ [0, 1] denote volume fractions satisfying the fundamental relation:
Furthermore, the other unknown variables ρ g , ρ l , u g , u l denote gas density, liquid density, velocities of gas and liquid respectively, whereas p is the common pressure for both phases, q presents external forces, like gravity and friction, and ε > 0 denotes viscosity. As in [5] , we assume the liquid is incompressible, and the gas is polytropic, i.e.,
For the relation between the drift-flux model and the more general two-fluid and the simplification of the model, one can refer to [6] and [5] for more details. Here, we have skipped them and we directly study the following gas-liquid model described in terms of Lagrangian variables (cf. [5] ) with frictional force term −f m 2 u|u| (f ≥ 0) and gravity term g(> 0):
n t + (nm)u x = 0 m t + m 2 u x = 0, u t + p(n, m) x = −f m 2 u|u| + g + (ε(m, n)mu x ) x , 0 < x < 1, t > 0, Without loss of generality, we take A = B = 1. Let's first review some of the previous works in this direction. For the simplified model obtained by neglecting frictional force and gravity in (1.3) , there has been a large number of research results when the viscosity function ε(m, n) takes different forms. Clearly speaking, Evje and Karlsen in [3] studied the existence of the global weak solutions when the initial masses connected to vacuum discontinuously for the viscosity function ε(m, n) taking the following form
).
(1.7)
This result was later improved to the case θ ∈ (0, 1] by Yao and Zhu in [20] . When the initial masses connected to vacuum continuously, Evje, Flatten and Friis in [7] also obtained the global existence and uniqueness of weak solutions for the viscosity ε(m, n) taking the following form ε(n, m) = n θ (ρ l − m) θ+1 , θ ∈ (0, 1 3
(1.8)
When the viscosity is constant and the initial masses connected to vacuum continuously, the existence of global weak solutions was obtained by Yao and Zhu in [21] . Recently, Friis and Evje in [5] proved the existence of global weak solutions to the initial boundary value problem of (1.3) with initial data (1.6) and boundary conditions [p(n, m) − ε(m, n)mu x ](0, t) = 0, u(1, t) = 0 when the viscosity ε(m, m) takes the form (1.7). However, there are few results on the asymptotic behavior and decay rate estimates for the initial boundary value problem (1.3)-(1.6). In this paper, we rewrite our problem into (2.2)-(2.4) similar to the model of 1D compressible Navier-Stokes equations with gravity by using the variable transformations as in [3, 7] and study the asymptotic behavior and decay rate of (2.2)-(2.4) by similar line as in [2, 8, 26] . According to the method in [26] , we know that the uniform upper and lower bounds of cQ in (2.2) and the uniform bound of
play a very important role in studying the asymptotic behavior of cQ and u. In order to obtain these uniform bounds, we have to deal with the difficulties which come from the additional external force −h(Q)u|u| in (2.2) which is more complex than the only constant external force g in [26] . To overcome this difficulty, we use a priori assumption in the proof of the uniform upper and lower bounds of cQ. Furthermore, we obtain the higher regularity of the velocity function u by using a new skill. Clearly speaking, we get the uniform estimate of , 3, 4) with the help of the recurrence method. The higher regularity of the velocity function u improves the estimate of u L 2 ([0,1]×[0,∞)) in the previous works [2, 8, 26] . Based on these estimates, we get the uniform bound of (1.9). It is necessary for us to illustrate that the main methods used to obtain our results are similar to those in [2, 8, 26] . In view of this, let's review some of the relevant works about Navier-Stokes equations with density-dependent viscosity and vacuum. For the case without external force, Guo and Zhu in [11, 12] gave the asymptotic behavior and decay rate of the density function ρ(x, t) when the initial density connects to vacuum continuously. Zhu in [25] investigated the asymptotic behavior and decay rate estimates on the density function ρ(x, t) by overcoming some new difficulties which came from the appearance of boundary layers when the initial density connects to vacuum discontinuously. In [11, 12, 25] , the auxiliary function w(x, t) introduced by Nagasawa in [14] was used to investigate the decay rate of ρ(x, t). For the other case with gravity, under some assumptions on the initial data, Zhang and Fang in [8] proved that the solution converges to the stationary states as time goes to infinity provided θ ∈ (0, γ − 1) ∩ (0, γ 2 ] and γ > 1. The stabilization rates were also estimated in several norms. Duan in [2] generalized part result in [8] , and showed that the solution converges to the stationary state in the sense of integral when γ = 2, θ = 1. Recently, Zhu and Zi in [26] improved the results in [2, 8] 
The rest of this paper is organized as follows. In Section 2, the system is translated into a more simple one, then we give the definition of the weak solution and state the main results.
In Section 3, we derive some crucial uniform estimates for studying the asymptotic behavior and the decay rate estimates. In Section 4, the asymptotic behavior of weak solution will be given. In Section 5, we will establish stabilization rate estimates of the solution as time tends to infinity.
Formulation of problem and main results
In this section, we rewrite our problem (1.3)-(1.6) into (2.2)-(2.4) by using the same transformations as in [3, 7] , then we state our main results in Theorem 2.3 and Theorem 2.4.
Firstly we introduce the transformations
Form the first two equations of (1.3), we get
and
Then we can rewrite the initial boundary problems (1.3)-(1.6) into the following forms:
and the boundary conditions
and c 0 , Q 0 is given from [n 0 , m 0 ] according the transformations (2.1). In particular, the first equation of (2.2) implies that c(x, t) = c 0 (x) := n 0 m 0 (x). Let (cQ ∞ )(x) be the solution of the following stationary problem:
Throughout this paper, our assumptions on the initial data c 0 , Q 0 , u 0 are as follows:
Under assumptions (A 1 )-(A 3 ), we will study the asymptotic behavior of cQ and u provided that the global weak solution to the initial boundary value problem (2. 
Furthermore, the following equations hold: 
Remark 2.2. (Existence of the global weak solution). To our knowledge, by using the standard line method (see [5, 15] for example), it is easy to obtain the global existence of the weak solutions to (2.2)-(2.4). The details are omitted.
In what follows, C denotes a generic positive constant depending on initial data, γ and θ, etc., but independent of t. δ, ǫ 0 denote some positive (generally small) constants.
The main results in this paper can be stated as follows: 
and 14) for all t ≥ 0.
Remark 2.3. If the coefficient f = 0 of the frictional force term in (2.2) and α = 0, C 3 = C 4 in the assumption (A 1 ), then (2.2) is simplified into Navier-Stokes equations with gravity. In this case, we need not deal with the additional external force −h(Q)u|u| in (3.9) and derive θ ∈ (0, γ 3 Uniform a priori estimates
In this section, we will derive some uniform-in-time a priori estimates for the solutions to (2.2)-(2.4) by classical energy method. First, we list some elementary equalities which follow from (2.2) directly. These equalities will be used frequently later.
Lemma 3.1 Under the conditions of Theorem 2.3, it holds that for 0 < x < 1, t > 0,
Proof. The above three equalities follow from (2.2) and (2.4) directly.
The basic energy estimate similar to [2] for the case θ = 1, γ = 2 and [8] is given as follows:
. (Basic energy estimate). Under the conditions of Theorem 2.3, it holds that
where C is a positive constant, independent of t and ǫ 0 .
Proof. Multiplying (2.2) 2 and (2.2) 3 by
and u respectively, and integrating the result equations with respect to x and t over [0, 1] and [0, t], by using the boundary conditions (2.4), we have
It follows from (A 1 ) and (2.6) that
where ξ is between cQ 0 and cQ ∞ , hence we obtain
This completes the proof.
Combining the the smallness of sup t≥0 u(·, t) L 2 (0,1) obtained by the basic energy estimate and a priori assumption, we could get the uniform upper and lower bounds for Q(x, t) which will play a crucial role in studying the asymptotic behavior of cQ and u. 
where (x, t) ∈ Ω = {(x, t) : 0 ≤ x ≤ 1, t ≥ 0}, K 1 and K 2 are two positive constants, independent of t.
, then due to (3.1), we have
where
The last term on the right side of (3.7) can be estimated as follows
(3.9) where we have used Young inequality, and the fact
which follows from (2.6) and θ ≤ 1 − αγ. Then substituting (3.9) into (3.7), we have
Integrating the inequality above over [0, t] with respect to t, we have
10) where we have used the fact
which follows from (2.6) and the restriction γ ≥ 2θ directly. From (3.10), it is easy to get
. Now, from (3.8), (3.11) and continuity of Y (x, t), we can show that the priori assumption can be closed provided ǫ 0 and δ sufficiently small. Therefore the upper bound of Y (x, t) is obtained.
Next, we estimate the lower bound of Y (x, t). Similar to the estimate of the upper bound of Y (x, t), one has
It is easy to get
The proof of Lemma 3.4 is complete.
The next lemma will be used for many times later, and it has been proved by Duan in [2] for the case θ = 1, γ = 2.
Lemma 3.4. Under the conditions in Theorem 2.3, it holds that
where C is a positive constant, independent of t.
Proof. Since u(1, t) = 0, we have
It is easy to see from (2.6), (3.6) and (A 1 )
provided θ < 2γ − 1, and
Using (3.4), we get (3.12) immediately. This completes the proof of Lemma 3.4.
Next lemma plays a crucial role in dealing with the frictional force −h(Q)u|u|. The proof is based on recurrence method. 
where C is a positive constant, independent of t. Moveover, 
where we have used the fact
Then integrating (3.16) over [0, t] with respect to t, one has
Now taking p = 4 in (3.17), we have
where we have used Lemma 3.4 and the assumption (A 2 ). Next we must estimate the first term of the right-hand side in (3.18) by using the same method as Lemma 3.4. Since u(1, t) = 0, we have
.
It is easy to see
where we have used θ < ( In order to complete the proof of Lemma 3.5, it suffices to estimate the third term of the right-hand side in (3.25) by using the same method as Lemma 3.4. In fact
Here we have used θ < ( 
Proof. Differentiating (2.2) 3 with respect to t, multiplying u t and integrating over [0, 1] about x, we have
Using the boundary conditions (2.4), and integrating by parts, we have
32) and
Substituting (3.32) and (3.33) into (3.31), and using Cauchy inequality, we get
which follows from θ ≤ 1 − αγ and (2.6). By (2.6) and Lemma 3.5, we get
Here we have used the fact (cQ)
which follows from θ ≤ γ 2 . Then it follows from (3.34), (3.35) and Lemma 3.5 that
According to assumption (A 3 ), and taking care of (2.2) 3 , we obtain 
where C is a positive constant, independent of t. 
where C is a positive constant, independent of t. W = (0, 2(1 − γα)] ∩ (0,
].
Proof. We only prove (ii) here, since the proof of (i) is almost the same with the later. Due to (3.2), we have
1 .
By using (A 1 ), (2.6) and (3.6), one easily gets
provided β < θ + γ. Next we estimate I
1 by two cases.
In this case, if β < θ + γ, similarly to (3.39), we have
Case 2: β = θ. In this case, also by (A) 1 , (3.6), we have
Hence, if β < θ + γ, we have
Now we estimate I 2 as follows:
2 ,
(3.41) Here, β < 3 2 γ, (A 1 ), (2.6), (3.4), (3.6) and Hölder inequality were used. From (2.2) 2 , Hölder inequality, (3.4), (3.6) and (3.12), we have
. Next, we estimate I 3 ,
3 .
Because of the similarity of I
3 and I
3 , we only estimate one of them,
γ > 1 and θ ∈ (0, ]. Hence, W is not empty, it follows from (3.39)-(3.44) that (3.38) holds. This completes the proof of Lemma 3.8.
In the next lemma, we give the uniform estimate of the derivative of the function (cQ)(x, t) in a appropriate weighted L 2 space which is a little different from [8, 26] . Similar estimate for Navier-Stokes equations has been established by Zhang and Fang in [8] for θ ∈ (0, γ − 1) ∩ (0, 
Proof. From (3.3) and (2.6), we get 
It is easy to see that
Here we have used Lemma 3.4 and (3.15). Taking β = 1 − αγ in (3.38), and using Lemma 3.8, we obtain (3.45) immediately from (3.48).
This completes the proof of Lemma 3.9.
Asymptotic behavior
In this section, based on the a priori estimates obtained in Section 3, we will consider the asymptotic behavior of the solution ((cQ)(x, t), u(x, t)) to the initial boundary problem (2.2)-(2.4). We will show both (cQ)(x, t) and u(x, t) converge to the stationary state uniformly as t → ∞.
To apply the uniform estimates obtained above to study the asymptotic behavior of (cQ)(x, t) and u(x, t), we introduce the following lemma (cf. [17, 8, 2] ), and omit the details of the proof. 
Then lim s→+∞ y(s) = 0.
Proof of Theorem 2.3.
At first, we consider the convergence of u(x, t). To this end, motivated by [16] , we introduce a function of t as follows:
Then by Lemma 3.2 and Lemma 3.3, we get
Furthermore, by Lemmas 3.2, 3.3, 3.6 and Cauchy inequality, we have
It follows from Lemma 4.1 that
Therefore, by Hölder inequality, we have for x ∈ [δ, 1] with 0 < δ < 1,
Furthermore, when δ = 0,
Next we consider the convergence of (cQ)(x, t). Firstly, we shall show that (cQ)(x, t) tends to the stationary state (cQ ∞ )(x) in the sense of integral as t → ∞. The similar conclusion for Navier-Stokes equation was obtained in [8] and [2] before.
Taking β = γ in (3.37), we have
On the other hand, it is easy to see that
Then (4.4), (4.5) and Lemma 4.1 yield
For q ∈ (0, 2γ), we have from (4.7) and Hölder inequality that
On the other hand, for q ∈ (2γ, ∞), we have from (2.6) and (3.6) that
Hence, by (4.8) and (4.9), we get
We are now in a position to show the uniform convergence of (cQ)(x, t). To this end, choosing a positive number k large enough, which is to be determined later, applying Hölder inequality, (2.6) and (3.6), we have by (cQ)(0, t) = (cQ ∞ )(0) = 0 11) where η = (2 + α)γ − θ − 1. Note that
Now letting 2k − 2 − η θ > 0, we deduce from (4.10) and (4.11) that 13) uniformly in x ∈ [0, 1], and (2.10) follows. This completes the proof of Theorem 2.3.
Stabilization rate estimates
In this section, using the method in [8] , we will give the stabilization rate estimates of the weak solution ((cQ)(x, t), u(x, t)) under the condition θ ∈ (0, γ −1)∩(0, [8, 26] , the only difference is that we must deal with the frictional force −h(Q)u|u|. 
where we have used (3.4), Lemma 3.4 and the following fact 
Proof. Due to (2.2) 3 , we have
h(Q)u|u|dy dxds
Next, we estimate terms on the right hand side of the above equality as follows: By using Young inequality and Lemma 5.1, we have
Then from (5.6), (5.7), (5.8), we complete the proof of Corollary 5.3.
Lemma 5.4. Assume the conditions in Theorem 2.3 hold, we have
and (5.21) Here, we have used Lemma 5.1, the assumption (A 2 ) and Lemma 3.2. The rest two terms on the right-hand side of (5.21) can be estimated as follows:
provided θ ≤ γ − 1. And if we take β = γ − θ − 1 in Lemma 3.9, we have This proves Lemma 5.5.
